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Let C® be a monoidal category + “assumptions” [Vit92].

Bimodule maps
Monoids Bimodules /M\(
{A,B,C,---}0 - { AMp ( Ty A | B
1 ~__
N
form a bicategory Alg”(C®), the Morita bicategory of C®.

The technical assumptions are that C® must contain some coequalizers,
and that they are preserved by (—) ® Z for all Z € C®.



Let C® be a monoidal category + “assumptions” [Vit92].

Bimodule maps
Monoids Bimodules /Mu
{A,B,C,---}0 - { AaMpg( Ty A |- B
1 ~__
N
form a bicategory Alg”(C®), the Morita bicategory of C®.

The technical assumptions are that C® must contain some coequalizers,
and that they are preserved by (—) ® Z for all Z € C®.

Examples: Ab® (Rings and Bimodules), Set" (Sets and cospans). More
generally, any cocomplete closed monoidal categories.



For an (A, B)-bimodule M, and (B, C)-bimodule N, the b.t.p is the
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For an (A, B)-bimodule M, and (B, C)-bimodule N, the b.t.p is the

mN
M®BN::coeq[(M®B)®N Me N
am,e,ne(MRLy)

The universal property of coequalizers induce horizontal composition
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Let C® be a monoidal category + “assumptions” [DLRS25].

Bimodule maps
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form an (0o, 2)-category MM (C®), the Morita co-bicategory of C®.



Let C® be a monoidal category + “assumptions” [DLRS25].
Bimodule maps
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form an (0o, 2)-category MM (C®), the Morita co-bicategory of C®.

Theorem: M(C®) is a 2-complicial set.



A 3-simplex in 9%(C®) will be depicted as

M M
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such that

(o012 ®a, Ma3) ® 023 = (11, (Mor ®4, $123) @ po13
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» Nick's approach [Gur09].
» DLRS approach [DLRS25].
» Ozornova-Rovelli natural nerve [OR21].



An n-complicial set [Ver08, Riel8, OR20] is a marked simplicial set X
that has RLP w.r.t

Thinness

Triviality

Saturation

Coherent composition
of cells, and marked
has inverse.

AK[m]’ —%X

Marked has 2-out-of-3
property.

A[m] —}(X

2
’

A[m]/t

m>n

Higher cells are
equivalences.

A[BI x Alm] — X

-
-

A[3]* % A/[m]

m> —1

Cells that have an
inverse are marked.






1. For k > 2, every k-simplex is marked, i.e. 9MK(C®) = M, (C®).



1. For k > 2, every k-simplex is marked, i.e. DMIK(C®) = M, (C®).

2. The set MPX(C®) of marked 2-simplices is given by the 2-simplices
inhabited by an isomorphism, i.e.
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1. For k > 2, every k-simplex is marked, i.e. DMIK(C®) = M, (C®).

2. The set MPX(C®) of marked 2-simplices is given by the 2-simplices
inhabited by an isomorphism, i.e.

A
mgnk(a@) — Mm/r U%\A(/Iu
Ao A2

3. The set IMPK(C®) of marked 1-simplices is given by the bimodules
which are equivalences in the following sense.

B A
mmk(c@) — AMB M D M M’ > M
: A/lj\‘A B/g’\)‘B




» Rather than directly verifying the bicategory axioms, we leverage the
combinatorics of simplicial sets to reformulate these coherence
conditions.

» Offers a proof of concept for explicitly and efficiently encoding
higher categorical structure.

» Offers a pathway toward scaling these methods to even higher
dimensions, such as when treating braided (work in progress) or
symmetric monoidal categories.



Thank You!

For your time and attention.



Proposition: The marked simplicial set 9M%(C®) has the RLP with
respect to the map N[m] — A¥[m] for m > 4 and 0 < k < m.

Since MM(C®) is 3-coskeletal, we have

MH(C®) = coskstrsINH(C®)

A [m] —— MME(C®) trsAK[m] —— trsME(C®)
l - s ’A’l ///Y
AK[m] tr3 AX[m]

Therefore, it suffices to solve by hand the complicial horn lifting problems
corresponding to m = 1,2, 3. 4.
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Proposition: The marked simplicial set 9M%(C®) has the RLP with
respect to the map AK[m]" — AK[m]" for m >3 and 0 < k < m.

INE(C®) is 2-trivial, and moreover we have the adjunction

ths: msSet = msSet: sp;

AK[m] —— ME(C®) ths AK[m] —— 9MA(C®)
l /)r — &’l //,H
Ak[m]” th3Ak[m]”

Therefore, it suffices to solve by hand the complicial thinness lifting
problems corresponding to m = 1,2, 3.
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Proposition: The marked simplicial set 9M%(C®) has the RLP with
respect to the map A[3]°9 x A[f] — A[3]* x A[¢] for ¢ > 0.

A[3]% % A[] — IMA(C®) tha(A[3]%9 x A[(]) — MA(C®)

=7 ARz o~ -7
-7 -7
- -
- -

A[3]%7 % A[(] ths(A[3]* % A[f])

Therefore, it suffices to solve by hand the complicial thinness lifting
problems corresponding to / = —1. 0.
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